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Bang ky hiéu viét tat

\(f)

max{a, b}

1f1ls
[flloo

o(f,&: 1)
”f”[um},s

bién phan toan phan ctia ham s6 f trén doan [a, b];

=aptag+ o+ ap;

phan t 16n nhat trong tap hai phan tt a, b;

b 1
= (/ | f(t) ]° dt)s v6i s € [1;00), hay chudn cip s

ctia ham s6 f trén doan [a,b];

= sup | f(t) |
te(a;b)
n—1
:zz f(&)hi, (tong Riemann cia ham f tren [a,b));

i=0
chuan cap s ctia ham s6 f trén doan [u, v].
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Chiing ta déu biét rang mon Toan duge coi la mon "thé thao tri tue" gitp
ngudi hoc c6 nhiéu co hoi rén luyén, phat trién tu duy cling nhu boi duéng nang
luc tham my khi nghién cttu nét dep ctia nhiing cong thitc giai toan doc ddo va méi
me.

Trong nhiéu nam qua, hau hét cac ky thi quan trong nhu thi hoc sinh giéi Toan
cap tinh, cap Quoc gia, Qudc té,.... cac bai toan lien quan dén bat dang thic chiém
mot vi tri dang ké. D6i véi 16p bat dang thiic r6i rac thi da duge khai thac kha triet
dé & chuong trinh pho thong, tham chi ca cap THCS. Vi no la bai toan so sanh,
nén trong cac ky thi hoc sinh giéi thusng xuat hién bai toan vé cuc tri bat dang
thitc. Tuy vay, mot lugng 16n bai toan vé bat dang thic ham lai it dugce khai thac
4 bac trung hoc, dang toan nay thuong chi xuat hien dang don gidn & bai toan bat
phuong trinh, hodc xuat hién bai kho & cac ky thi chon hoc sinh gidi cap Quoc gia,
chon déi tuyén Qubc té. Vi ly do dé ma toi lua chon dé tai vé bat dang thitc ham
lam chit dé cho luan vin thac si clia minh, cu thé véi dé tai: “Vé bat ding thic
Ostrowski va Trapezoid’. Day la loai bat dang thitc trung binh tich phan.

Nam 1938, Ostrowski da chiing minh duge mot wde lugng vé trung binh tich
phan nhu sau

Dinh 1y 0.1. Gid st f : [a,b] — R la ham lién tuc trén [a,b] va khd vi trén (a,b)
vdi |f'(t)| < M < oo vdi moi t € (a,b). Khi dé, vdi bat ky x € [a,b], ta cé

a+b\ 2
x_

b
/f(t)dt < i+ —2 | | M®b-a) (0.1)

1
b—a

flx) - —

N Z 1 Z Z ? Z NS Z
Hang so 1 la danh gid tot nhat, khong thé thay thé bang so bé hon.

Bat dang thiic (0.1) dudc coi 1a bat dang thitc Ostrowski. Céac ké qua tong quat
va lién quan da dugce trinh bay trong Chuong 2 va 3. Mot ude luong khac cho trung
binh tich phan dugc cho bdi quy téc trapezoid (hay quy tac hinh thang) nhu sau

Dinh ly 0.2 (Cerone va Dragomir [7]). Gid st f : [a,b] — R la ham lién tuc trén
la,b] va khd vi trén (a,b) vdi |f'(t)| < M < oo vdi moit € (a,b). Khi dé, vdi bat



ky x € [a,b], ta co

) _a+b
(x—a)f(ab)j—cgb_x)f(b)_bia/f(t)dt < 34_ Tﬁ% M —a),

. 1 o )
vdi moi x € [a,b]. Hang so 1 la danh gid tot nhat.

Nam 1946, Pompeiu da duwa ra mot dang khac ctia dinh 1y gia tri trung binh
Lagrange, két qua nay dugc biét dén nhu dinh 1y gia tri trung binh Pompeiu, két
qué nay dugc phat bicu trong dinh 1y duéi day:

Dinh 1y 0.3. Vdi moi ham thuc f kha vi tréen [a,b] khoang nay khong chita 0 va

vdi moi cdp x1 # o trong [a,b], ton tai € gitta 1 va T3 sao cho

w1 f(12) — 2o f (1)

Xy — T2

= f(&) =19

Dinh 1y gia tri trung binh Pompeiu duge van dung dé dua ra céc cach xap xi
khéac nhau ctia trung binh tich phan, chang han nhu két qua dudi day.

Dinh 1y 0.4 (Dragomir, 2005 [9]). Gid st ham f : [a,b] — R lién tuc trén |a,b] va
khd vi trén (a,b) vdi [a,b] khong chita 0. Khi dé vdi bat ky x € [a,b], ta ¢ bat ding
thiic sau

a+b\ 2

b
a+b f(z) 1 / b—a |1 Ty ,

EAZ H)dt| < Sl -2 0|
sy Ty | f® P R If = ££

N 1 . .
trong do ((t) =t, t € [a,b]. Hang so0 1 la danh gid tot nhat.

Noi dung ctia luan van dude trinh bay trong ba chuong, cu thé:

Chuong 1. Trinh bay so luge vé ham s6, bién phan ciia ham s6, bat dang thiic
Holder. Bat dang thitc Ostrowski va trapezoid.

Chuong 2. Trinh bay vé bat dang thic kiéu Ostrowski, trapezoid déi véi cac 16p
ham c6 bién phan bi chan, ham don diéu, ham lién tuc tuyet déi. Lam chat bat
dang thitc Ostrowski d6i v6i ham Chebyshev. Noi dung chuong nay trinh bay tit
tai lieu [2).

Chuong 3. Trinh bay vé bat ding thic kieu Ostrowski va trapezoid lién hé véi
dinh 1y gi4 tri trung binh Pompeiu v6i trong sé6 mil phiic. Mot bat dang thiic kicu
Ostrowski va trapezoid méi va mot s6 két qua lam chit cac bat dang thic kiéu
Ostrowski va trapezoid. Noi dung chuong nay trinh bay lai mot sé két qua trong bai



béo “Ostrowski and Trapezoid type inequalities related to pompeiu’s mean value
theorem with complex exponential weight” ctia Cerone P., Dragomir S. S., Kikianty
E. cong bd nam 2017 (xem [3]).

Trong qua trinh hoc tap va nghién cttu tai truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyén, em luon nhan dude sy quan tam gitap do va dong vien clia cac thay
¢o trong Ban Giam hiéu, phong Dao tao, Khoa Toan — Tin, Truong Dai hoc Khoa
hoc, DH Thai Nguyén. V6i ban luan vin nay, em mong muén dudge gép mot phan
nho cong stic clia minh vao viéc gin gitt va phat huy vé dep, sut hap dan cho nhing
dinh 1y toan hoc von di da rat dep. Day ciing 14 mot co hoi cho em gt 10i tri an
t6i tap thé cac thay co giang vien ctia truong Dai hoc Khoa hoc — Dai hoc Théai
Nguyén noéi chung va Khoa Toan — Tin néi rieng, da truyén thu cho em nhiéu kién
thitc khoa hoc quy bau trong thoi gian em dugce la hoc vién cta truong.

Tac gia xin chan thanh cAm on Ban Giam hiéu trudng Phé thong Dan toc Noi
tra tinh Quang Ninh ciing toan thé cac anh chi em dong nghiép da tao diéu kien
to6t nhat cho tac gia trong thoi gian di hoc Cao hoc; cdm on cac anh chi em hoc
vien 16p Cao hoc Toan K11 va ban be dong nghiép da trao doi, dong vien va khich
lé tac gia trong qua trinh hoc tap va lam luan van tai truong Dai hoc Khoa hoc,
Dai hoc Thai Nguyén.

Dac biet em xin duge bay t6 long biét on sau sic t6i thay gido chit nhiem 16p
Toan K11, TS. Tran Xuan Quy da luon quan tam an can chi bdo, dong vién khich
le, gitp do tan tinh va gép ¥ sau sac cho em trong suét qua trinh hoc tap ciing
nhu thiyc hien dé tai. Ching duong vita qua sé 1a nhitng ki niem dang nhé va day
¥ nghia ddi v6i cac anh chi em hoc vién 16p K11 néi chung va v6i ban than em noi
rieng. Dau an ay hién nhién khong thé thiéu su hd trg, sé chia day yéu thuong clia
cha me hai bén va cac anh chi em con chau trong gia dinh. Xin chan thanh cam
on tat ca nhitng nguoi than yeu da gitup do, dong hanh cling em trén ching duong
vita qua. Mot lan nita, em xin tran trong cam on!

Thai Nguyén, ngay 15 thang 5 nam 2019

Hoc vién

D6 Thi Thu Giang



Chuong 1

Mot s6 kién thitc chuan bi

Trong chuong nay, ching toi, trinh bay mot s6 kién thic khai niém va tinh chat
ve ham s6 lién tuc tuyét doéi, bién phan va bién phan toan phan ctia ham s6. Bat
déng thic Holder dang dai s6 va dang giai tich, Bat ding thic Ostrowski va traped.
Cac két qua nay duge st dung cho cac chitng minh 6 Chuong 2 va Chuong 3.

1.1. Ham s6, bién phan va bién phan toan phan

Dinh nghia 1.1. (a) Ham s6 f : [a,b] — R dugc goi la lién tuc tuyet doéi trén
[a,b] néu v6i moi € > 0 ton tai sd duong § théa man

n

D @) = fly)l <e.

i=1
v6i moi ho httu han céc khoang rdi nhau {[z;,v] : i = 1,2,...,n} cia [a,b]
voi Y e — vl <.
(b) Ham s6 f : [a,b] — R dugc goi 1a ¢6 bién phan bi chin trén [a,b] khi va chi
khi ton tai hing s6 M > 0 thda man

n

> (@) = flrim)| < M,

i=1
v6i moi phan hoach P = {zy, 21, -+ ,2,} ctia [a,].

(¢) Néu ham s6 f : [a,b] — R ¢6 bién phan bi chan trén [a, b], thi bién phan toan
phan cta f trén [a, b] dugc xac dinh nhu sau

b

V() = sup { Zl |f (i) = flwia) |}-

a P={z9,x1,- ,x,} phan hoach ctala,b]

Nhan xét 1.1. Mot ham lien tuc tuyét doi trén [a,b] thi lien tuc déu va cé bién
phan bi chan trén |a, b].
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Vi du 1.1. Néu f : [a,b] — R la ham don diéu téng thi v6i moi phan hoach
P = {zg, 21, - ,x,} cla [a,b] ta co

Z (i) = flai)] = Z{f zi) — f(zio1)}
= f(m — flz0) = f(b) = f(a).

b
Vi vay, ham f ¢6 bién phan bi chan va \/(f) = f(b) — f(a).

Vi du 1.2. Néu ham f : [a,b] — R lién tuc trén [a,b] va kha vi trén (a,b) véi
sup |f'(z)| > M, thi v6i moi phan hoach P = {xg,x1,--- ,z,} cia [a,b] va theo

a<x<b

dinh 1y gia tri trung binh ta c6

Do) = flzin)| = Z |f () [z — 2]

1=1
<ZM —37@1 M(b—a)

b
Do d6 ham f ¢6 bién phan bi chan va \/(f) < M(b—a).

Dinh 1y 1.1. (a) Néu f,g : [a,b] — R la cac ham cé bién phan bi chin va c,d € R,
thi cf + dg co bién phan bi chan va cé bat dang thic sau
b

b b
\V(ef +dg) < 1el \/(f) +1dI \/ (9)

a

(b) Néu f : [a,b] — R c6 bién phan bi chan trén |a,b] va [c,d] C [a,b], thy f c6
bién phan bi chan trén [c,d] va

d b
Vi <V
(c) Néu f : [a,b] — R ¢6 bién phan bj chan va c € (a,b), thi

b c b
V=V +\Vi

(d) Néu ham f : [a,b] — R c6 bién phan bj chan thy ham V(z) = \/(f) va V(z) —

f(x) don diéu tang trén |a,b].
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(e) Ham f : [a,b] — R c6 bién phan bj chan khi va chi khi né la hiéu ciia hai ham
tang.

1.2. BAt dang thic Holder

Bét ding thitc Holder ton tai ¢ nhiéu phién ban, tuy nhién ching toi chi trinh
bay 6 dang dai s6 va giai tich co ban, ma ching phit hgp v6i chuong trinh phd
thong.

T bat dang thitc AM-GM suy rong ta co

a, b a a+b b a+b
< 2 1.1
S A e (1.1)

v6i moi x,y >0, a,b> 0. Néu diat u = 2%, v=19", p=(a+b)/ava q¢=(a+0b)/b,
1o rang p > 1 va ta c6 bat dang thiic sau
1 1 1 1
—+-=1= ww < —u’ + —v (1.2)
p q p q

Bat dang thic nay dude goi 1a bat dang thic Young. Két qua dudi day dugce goi la
bat dang thitc Holder.

Dinh 1y 1.2 (Bat dang thiic Holder). Cho a = (ay, as, ..., a,) vab = (by, by, ..., by,)
. 1 1 <) 22
la hai b6 n so thuc duong vap > 1, —+ — = 1. Khi dé ta c6 bat dang thic sau
p g

zn: aibi S (i af) B (271: b?) q. (13)

i=1 i=1
Dau bing zdy ra khi va chi khi o = kb? vdi moii € {1,2,,...,n}.

Két qua tiép theo 13 bat dang thitc Holder & dang gidi tich, ching to6i chi trinh
bay két qui ma khong chiing minh.
Dinh ly 1.3 (Bat dang thiic Holder dang giai tich). Gid st (p, q) la cdp s6 ma lién

hop, tic la théa man dieu kién p,q > 1 vdi —+ - =1, f va g la hai ham so lién
p q
tuc trén doan |a, b, khi do

/ @)l da < ( / V@) d:c); ( / b g(m)qda:); (1.4)

Dau “=7 zdy ra khi va chi khi ton tai hai so thuc A va B khong dong thoi bang
khong sao cho
Alf(@)|" = Blg(x)|" Va € [a,b].



